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Abstract. For complex numbers a, (3 and M G M with < M < \a\ and < 1, 
let B{a, /3, M) be the class of analytic and univalent functions / in the unit disk 
ID with /(O) = 0, /'(O) = a and /"(O) = Mfi satisfying \zj"[z)\ < M, z e D. 
Let V{a, M) be the another class of analytic and univalent functions in D with 
/(O) = 0, /'(O) = a satisfying Re(z/"(z)) > -M, z G D, where a e C \ {0}, 
< M < l/log4. For any fixed zq ^ D and A G D we shall determine the region 
of variability Vj {j = 1,2) for f'{zo) when / ranges over the class Sj [j — 1,2), 
where 

Si = {f eB{a,p,M): r{Q) = M{l-\p\'')\] 

and 

52 = {/eP(a,M): /"(0) = 2AfA}. 
In the final section we graphically illustrate the region of variability for several 
sets of parameters. 



1. Introduction and Preliminaries 

We denote the class of all analytic functions in the unit disk D = {2; G C : |z| < 1} 
by ?i(ID)), and think of ?-^(D) as a topological vector space endowed with the topology 
of uniform convergence over compact subsets of D. We begin with the discussion 
of some properties of famihes of analytic functions considered as subsets of 7i(D). 
A univalent function / is called starlike if /(D) is a starlike domain (w.r.t. origin). 
Let S* denote the class of starlike functions / e 7^(D) with /(O) = = /'(O) - 1. 
Denote by /C the subclass of functions / G 7^(D) with /(O) = = /'(O) — 1 such 
that / maps D conformally onto a convex domain. If 

B{M) = {/ G nm : /(O) = /'(O) -1 = and \znz)\ < M} , 

then it is known that B{M) C /C if < M < 1/2, and B{M) C 5* if < M < 1 
and the inclusions are sharp. For a general result we refer to 0. In this paper, we 
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are interested in two subclasses of analytic functions and use the Schwarz lemma as 
the main tool in describing the boundary behavior of these two classes of functions. 

1.1. The Class B{a, (3, M) . Let a, /? G C and M e M such that < M < |a| 
and \(3\ < 1. Let B{a, f], M) denote the class of all functions / analytic and univalent 
in the unit disk D, with /(O) = 0, /'(O) = a, and /"(O) = MP satisfying 

(1.2) \zf"{z)\<M, zeB. 

Note that a ^ 0. If / G B{a, (3, M), then we may write 

zf"{z) = Muj{z) 

for some u & Bq, where Bq denotes the class of functions uj analytic in D such that 
< 1 in © and u;(0) = 0. This gives the representation 

f{z) -a = f{z) - f (0) = M j'^^dt 
so that, by integration, 

f{z) = az + Mz Til^^MMrf,. 



t 

By the Schwarz lemma, we have |ci;(z)| < \z\ and so that previous relation gives that 

\f'{z)-a\<M\z\<M, 2GD 

which, in particular, shows that functions in B{a,l3, M) are univalent in © if M < 
\a\. It is easy to see that functions in B{a, (3, M) are not necessarily univalent if 
M > \a\. This fact may be demonstrated by, for example, the function 

f{z) = az+{M/2)z^. 

Furthermore, every / G B{a,[3,M) can be associated with a function ujj in Bq 
and this association is clearly given by 

1.3 ujfiz) = ^ -, zeB. 

A simple application of the Schwarz lemma shows that if / G B{a, /3, M) then one 
has 1(^^(0)1 < 1 which, in particular, gives a restriction on f"'{0). Indeed, it is a 
simple exercise to see that 

(1.4) nO)=M(l-|/3|V}(0) 

and therefore, with u;}(0) = A, we have |/"'(0)| < M(l - j/^p) . Using ([OD and 
fll.ip . one can obtain by a computation that 

(1.5) M(l - \P\''W}iO) = 2M(1 - \P\'')X^P + (1 + A^)/(^^)(0). 
Also if we let 

(1-6) 9{z) = for |A| < 1, 
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and (/(z) = for |A| = 1, then g E Bq, and we compute that 



1 / UJf{z 



.=0 1 - 1^1 



for lAI < 1 



^'(o) = <| 

for |A| = 1. 

For convenience, we set g'{0) = a. From (11. 5p we note that for |A| < 1, 

(1.7) |,'(0)| < 1 ^ /(-)(0) = '^f [(1 - lAHa - A^^] 

for some a G ©. Observe that a = when |A| = 1, and \a\ < 1 if and only if |A| < 1, 
according to the Schwarz lemma. 

1.8. The Class V{a, M) . Another class of analytic functions of our interest is 
defined by 

(1.9) V{a,M) = {/ G n{B) : /(O) = 0, /'(O) = a and Rezf"{z) > -M, z eB} 
where a G C \ {0}, and < M < l/log4. In [I], it has been shown that 

r(l, M)CS* for < M < 
^ ~ log4 

For any larger value of M, functions in V{1, M) are not necessarily locally univalent. 
Later in [21 Theorem 2.10] the authors have proved that 

P(1,M) C S*{a) 

(0 < a < i) whenever 

l-2a 

< M < 



2a + log 4 

This generalizes the last relation. However, the Herglotz representation for analytic 
functions with positive real part in D shows that if / G V{a, M), then there exists 
a unique positive unit measure /i on (— vr, tt] such that 

zf"(z) + M ri + ze-'' , ,,,, , _ r e-^* , 
^' ' dfiit), i.e. f\z) = 2M -:dii{t). 



M 

Integrating from to z shows that 



r{z) = 2M £ log {y^—t) df^it) + a. 
Once again integrating the above from to z gives the following representation 

/TT 
{z-{z- e**) log(l - ze-'')} dfi{t) + az. 

Functions of the above form belong to the class V{a,M). Clearly, for every / G 
V{a, M), there exists an Uf G Bq such that 

(1.10) -/w-ijIyTW- 
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Note that |a;j(0)| < 1. By the Schwarz lemma it is a simple exercise to see that if 
/ G P(a,M), then 

(1.11) f"{0) = 2Muj'f{0) 

and therefore, with uj'j{0) = A, we have |/"(0)| < 2M. Using (11.101) . one can obtain 
by a computation that 

(1.12) a;}'(0) = ^ - 2A^ 

Thus, if g is defined by (ll.6p with ujf{z) as in (11.101) . then it follows that 

|^7'(0)|<1 ^ r(0) = 2M((l-|A|> + A2) 

for some a G ©. Again we remark that |5''(0)| = occurs if and only if a = A with 
|A| = 1. Also, \a\ < 1 if and only if |A| < 1, according to the Schwarz lemma. 
For A G © and for each fixed Zq G D, we introduce the following sets: 



5i(A) = |/gS(«,AM): r(0) = M(l-|/?p)A 
52(A) = {/GP(a,M): /"(O) = 2Ma}, 



and 



V,izo,\) = {fizo) : f E S,i\)} forj = l,2. 

The purpose of the present paper is to determine explicitly the region of variability 
Vj{zo,\) of f'{zo) when / ranges over the class Sj{X) (j = 1,2). Questions of this 
nature have been discussed recently in [6l [71 El IS] . 

2. The Basic properties of Vi(2;o,A), V2{zo,\) and the main results 
For a positive integer p, let 

{ST = {f = fo ■■ fo G s*} 

and recall the following well-known result whose analytic proof is given in [TT] (see 
also [3, 4J). 

Lemma 2.1. Let f be an analytic function in D with f{z) = z^ + ■ ■ ■ . If 
then f G {S*)p. 

For the sake of convenience, we use the notation Vj{zo, A) = Vj and Sj{X) = Sj 
for j = 1,2. Now, we begin our investigation by stating certain general properties 
of the set Vj {j = 1,2). 

Proposition 2.2. We have 

(1) Vi is compact 

(2) Vi is convex 
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(3) for \\\ = 1 or Zq = 0, 

and for P = 0, Vi is obtained as a limiting case from ( \2.3i} 

(4) for |A| < 1 andzoeB\ {0}, Vi has 

as an interior point. 



Proof. (1) First we show that Si is compact. For this, we need to prove that for 
{fn} in Si, whenever fn ^ f uniformly on every compact subset of D, / G Si. 
We recall that if — / uniformly on every compact subset of D then f 
uniformly on every compact subset of D. Thus, if fn ^ f uniformly, /n(0) — > /(O) 
pointwise which gives /(O) = 0. Repeated use of this fact for derivatives, we conclude 
that fl{0) /'(O) pointwise and therefore, /'(O) = a. Similarly, /"(O) = Mf3, 
/"'(O) = M(l - and /(™)(0) satisfies 

,.„, 2Ma^ 

J \ J ^^^^ Lv I I ; 



Also, we have 



uniformly on every compact subset of D. Since each member of the sequence {fn} 
is in Si, it follows that \zf"{z)\ < M. We conclude that Si is compact. 
Finally, for fixed Zq G D, define ip : Si Vi hj 

ij{f){zo) = f'izo). 

Clearly ip is continuous. Thus, Vi is compact. 

(2) If /o and fi belong to Si, then, for < t < 1, the function ft defined by 

ft{z)= r{(i-t)/^(c)+t/((c)}rfc 



^0 

also belongs to Si. Clearly, we have 

/;(^) = (i-t)/^(z) + t/((z), 

and the convexity of Vi is evident. 

(3) If zo = 0, ([23D trivially holds. If |A| = 1, then from we see that 

— 1 therefore it follows from the Schwarz lemma that ujf{z) = Xz, which 
by (11.31) gives that 

M l + f3Xz ' ' - 
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By integrating the above from to zq we see that 



/'(^o) = M 



1 + /3AC 



dC + a if /?^0 



_ ^ 
~J Jo 
and a computation gives 



/3 f Xf3 



1 + pXCJ AV1 + /3AC 



dC + a ii (3^0 



^-^(l-|/3r)log(l + A/3zo) + « if /5 7^0 
p A/3 

^A 2 T ^ ^ 

a + ^-2o if /9 = 



and thus, 



We remark that 



hm 



/5 A/5 



{l-\(3\^)\og{l + \(3z^) + a\ if /5 7^0. 



MA 



t /? A/3^ 
and, therefore for /3 = 0, 



(1 - \(3Y) log(l + A/?zo) + — -z, 



; ^A 2 , 



Hence, the extremal function in Si for |A| = 1 is of the form 



Mfz'' (i-i/^n 



P 12 

MX 



A/3 

if < |/5| < 1 



z + ^ ) log(l + Xf3z) - z 



+ az 



az + '-^z^ if /3 = 0. 
6 



(4) For A G D, we let 
(2.4) 



6{z,X) 



z + X 



1 + Xz 

A simplification of fll.6p with g{z) = az {\a\ < 1) leads to 
(2.5) FaA^) := f{z) ■ ' 



^Jo 



r M{6{a(i,X)Ci + P) \ 
V l + /55(aCi,A)Ci ; 



rfC2 + CtZ, 



where z eB>. 

First we claim that Fa^\ E Si. In fact, with the aid of (12.51) we easily get 

M{6{az,X)z + (3)z 



zF'Uz] 



1 + P6{az, X)z 
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As 5{az^ A) lies in the unit disk Fa^x G Si. Further, one may verify that 
(2.6) ujf^S^) = z5{az,\). 

Next our claim is that for a fixed A G D and zq G © \ {0}, 

is a non-constant analytic function of a G D, and hence is an open mapping. 

Finally, we claim that the mapping D 9 a i— ^ F'^y^^zo) is a non-constant analytic 
function of a for each fixed zq G ID'\{0} and A G D. For this, we put 



3 d 



M(l- |/?|2)(1- |A|2)5a 

and obtain that 



which gives 



a, A 



a=0 



hAz) = 3 / ^ dC = z'^ + - 







Rei^U2Rel I T., , > 1, .G 



^iW J ll+/3AzJ ~ 1 + |A| 

By Lemma [2.11 there exists a function ho G 5* with hi = h^. The univalence of ho 
and /io(0) = imply that hi{zo) 7^ for G © \ {0}. Consequently, the mapping 
D 9 a I— >■ F^;^(zo) is a non-constant analytic function of a. Thus 

is an interior point of {-f^aA(-^o) '■ G D} C Vi. □ 

We have the following analog of Proposition 12.21 for functions in V{a, M). 

Proposition 2.7. We have 

(1) V2 is compact 

(2) V2 ^s convex 

(3) /or |A| = 1 or ^0 = 0, 

(2.8) \/2 = {-2Mlog(l - Azo) + «} 

(4) for |A| < 1 and G D \ {0}, V2 /las — 2M log(l — A2;o) + a as an interior 
point 

Proof. Part (1) and (2) follows exactly as in the proof of Proposition 12.21 and so we 
omit the details. 

(3) If zo = 0, (I2ISD trivially holds. If |A| = 1, then for / G V{a, M) it follows that 
/"(O) = 2Mu}'j{fi) and from ffTTTj) we see that |u;}(0)| = 1 and therefore it follows 
from the Schwarz lemma that ujf{z) = Xz, which by fll.lOj) gives 

1 — Xz 1 — Xz 
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By integrating from to Zq we see that 

f\zo) = -2Mlog(l-Azo) + «. 

Thus 

l^2 = {-2Mlog(l-A2o) + a}. 
Hence, the extremal function in S2 for |A| = 1 is of the form 

f{z) =2M{\- z] log \ ) + (a - 2M)z. 



J ^\1-Xz^ 

(4) Let A G D and a G D. A simple computation as before helps to introduce 

(2.9) HU.):^m - [{1 \Zhu^L '''}'^''^"'- 
where 6{z, A) is defined by (12.41) . From this we see that ifa,A G '^2 and 

(2.10) UH^,{z) = z6{az,\). 
For a fixed A G D and 2:0 G © \ {0}, the function 

, , r» 2M(5(aC,A) ,^ 
Jo ^-o{aC,X)C 

is a non-constant analytic function of a G D, and hence is an open mapping. We 
claim that the mapping B) 3 a ^-^ H'^y^{zo) is a non-constant analytic function of a 
for each fixed zq G ©VjO} and A G D. For this we let 

1 d 



so that 



This gives 

^2(^) i 

By Lemma EH] there exists a function /iq G 5* with h2 = so that the univalence of 
ho and /io(0) = imply that /i2(-2o) 7^ for 2:0 G D \ {0}. Consequently, the mapping 
D 9 a 1-^ H'^^{zq) is a non-constant analytic function of a. Thus, 

^o,a(^o) = -2Mlog(l - A20) + « 
is an interior point of {H'^)^{zq) : a G ©} C V2. 

□ 



For each j = 1,2, V^- is a compact convex subset of C and has nonempty interior 
and therefore, the boundary dVj is a Jordan curve and Vj is the union of dVj and 
its inner domain. We now state our main results. 
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Theorem 2.11. For A G D, the boundary dVi is the Jordan curve given by 



(-7r,7r] 39^ K^exizo) 



n r M{6{e^\,X)C + P) \ 
Jo V l + pS{e^%,X)C J 



+ a. 



r 

{-7T,7l]3 9 ^ H'^^e ^{Zo) = / 

Jo 



Here a,(3 e C and M eR with < M < |a| and < 1. If f{zo) = F^,^ ^{zq) for 
some f G Si, zq \ {0}, and 9 G (— vr, n], then f{z) = F^w xiz). 

Theorem 2.12. For A G D, the boundary dV2 is the Jordan curve given by 

2M6{e'\, A) 
1 - 5(e*%, A)C 

where a G C \ {0} and < M < l/log4. If f'{zo) = H'^^e^xi^o) for some f G S2, 
zo {0} and 9 G (-vr, vr], then f{z) = H^^e^-x{z). 

3. Preparation for the proof of Theorem 12.111 

We exclude the case |A| = 1 from the foUowing resuh as this foUows from our 
earher discussion. 

Proposition 3.1. For f G '5i(A) with |A| < 1, we have 
(3.2) \f\z)-ci{z,\)\<ri{z,\), ze^, 

where 

M(l - \z\'^) + l^p) + p^Xz + \z] 



(1 - W\z\^) - (1 - |/3|2) |A|2|2|2 + 2 (1 - |2|2) Re {I3\z) 



and 







(1-|AP)(1- 


- 




2 




z 


')-{i-W)\\? 


z 


2 + 2(1- 


z 


2) Re {(3\z) 



ci(z, A) 
ri(z, A) 

For each 2; G D \ {0}, equality holds if and only if f = F^io ^ for some 6* G M. 

Proof. Let / G Si. Then (11. 3p holds with ujf{E Bq) and co'j(O) = A. It follows from 
the Schwarz lemma that 



(3.3) 



A 



1-A 



< \z\ 



From (II. 2p and (II. 3p this is easily seen to be equivalent to 

f"{z)-Aiiz,X) 



(3.4) 
where 

(3.5) 



f"{z) + Bi{z,X) 



< \z\ |ri(z, A)|, 



Ai{z,X) 
Bi{z,X) 

Ti{z,X) -- 



M{P + Xz) 

' 1 + 'pXz_ ' 
M{z + Xp) 

' Z '^z + X 
Pz + X 

1 + pXz' 
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Further, a computation shows that the inequahty fl3.4l) is equivalent to 
(3.6) 



Now we have 



Ai{z,X) + 1 


z? 


|ri(^,A)|25i(2,A) 


< - 


z\ 


\r^{z,\)\\Ai{z,X)+B^{z,X)\ 


1 - 


\z\ 


2|ri(^,A)|2 




1 - 


z 


2|ri(z,A)|2 



l-\z\^\n{z,\)f 



1 - \z\ 



(3z + \ 



1 + I3\z 



(1 - mM") - (1 - lApkP + 2 (1 - Re (/3Az) 



\l + l3\z\^ 



Ai{z,\)+Bi{z,\) 



M{P + \z) _ M{z + XP) 
l + pXz pz + X 

M{l-jXni-mz 
(1 + pXz) [pz + A) 



and 



A^{z,X) + \z\^\n{z,X)?Bi{z,X) 



M{p + Xz) 
l + ^Xz 



Pz + X 



l + pXz 



M{z + Xp) 
P + X 



M(l 



{P{l + \z\^)+p^Xz + Xz} 



\l + pXz\ 



An easy calculation yields that 



and 



Ai{z,X) + 1 


z\ 


'\n{z,X)\'B,{z,X) 


1 - 


\z 


2 


ri(^,A)|2 



\z\\niz,X)\\A, 


(^,A) + i?i(^,A)| 


1 - 


z 


2 


T,{z,XW 



ci{z, A) 



n{z,X). 



Now the inequality fl3.2p follows from these equalities and (13.61) . 

It is easy to see that the equality occurs for 2; G D in (13. 2p if and only if equality 
occurs in (13.31) . Thus the equality in (13. 2p holds whenever / = F^io x for some G M. 
Conversely if the equality occurs for some z G D\{0} in (13.21) . then the equality must 
hold in fl3.6D and hence fl3.3D holds. Thus, from the Schwarz lemma, there exists a 



6* G M such that ujf{z) = z6{e'^z, A) for all ^ G ©. This implies f = F, 

The case A = of Proposition 13. II gives the following result. 
Corollary 3.7. Let f G 5i(0). Then we have 



□ 



f'iz) 



Mp{l - 


z 




1-\P\^ 


z 


4 



< 



W\z\ 



z G 



For each 2; G © \ {0}, equality holds if and only if f = F^b q for some 6* G M. Here 
F^iO Q is defined in Theorem \2.11[ 
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For = 1, by Corollary 13. 7[ functions in iSi(O) must satisfy 

\riz)-Mp\ = o 

which gives 

f{z) = az + ^z . 

Corollary 3.8. Let 7 : z{t), < t < 1, be a C^-curve in D with z{0) = and 
z{l) = Zq. Then we have 

c l(Ci(A, 7), i?i(A, ^)) = {weC:\w- Ci(A, 7) | < i?i(A, 7)} , 

where 

Ci(A,7) = a+ f Ci{z{t),X)z'{t)dt and R^{X,^) = ! ri{z{t),X)\z' {t)\dt. 
Jo Jo 

Proof. Since for / G iSi we have 

nzit))z'it) dt = f{zo) - f'{0) = f'izo) - a, 



f'{zo)-a - / ciizit),X)z'it)dt 



it follows from Proposition 13.11 that 
|/'(^o)-Ci(A,7)| = 



{r(^(t))-ci(^(t),A)}/(t)rft 



< / r^{zit),\)\z'{t)\dt = R^{X,^). 



As /'{zq) G Vi was arbitrary, the conclusion follows. 



□ 



Lemma 3.9. For 61 G R, A G D and /? G D, the function 

G{z)= / = = ^dC, ^e©, 

Jo {1 + (Ae^^ + /?A)C + /5e^^C'} 

has a zero of order three at the origin and no zeros elsewhere in ©. Furthermore, 
there exists a starlike univalent function Gq in D such that G = 3^^6*^6*0 cind 
Go{0)=G',{0)-l = 0. 



Proof. We first prove that 
(3.10) Re 



zG"{z) 
'G^ 



> -1, z e 



If /? = 0, then a simple computation gives (13.101) . 
If < |/?| < 1, then it is easy to see that 



1 + (Ae*' + pX)z + (3e'^z^ 



1 - 



1 - 



Z2 
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where 



Z\Z2 = and zi + Z2 



We note that \zi\ \z2\ = We need to show that none of zi and Z2 he in the 

punctured unit disk D\{0}. 

Suppose first that < < 1. Then either both zi and Z2 he outside the unit 
circle, or else one lies inside while the other lies outside the unit circle. We claim 
that the later case cannot occur. On the contrary, without loss of generality, we 
may assume that 

\Zi\ < 1, \Z2\ > 1. 

Also let Zi = re**^, for some r < 1 and G M. Then 

Z2 = = 

r(3 

and so the expression 

A + e-'^pX 

simplifies to an equivalent form 
(3-11) C + ^ = -(^ + 



\P\C V \P\^ 

with |(^| = 1 and |u;| = |A|. We may rewrite (13. lip as 

which is a contradiction, because this equation has no solution when |(^| = 1 and 
|cij| = |A|. We conclude that \zi\ > 1 and 1^21 > 1- 

If \P\ = 1, then \zi\ \z2\ = 1 so that either \zi\ = 1 and \z2\ = 1, or \zi\ < 1 and 
|2;2| > 1, or |zi| > 1 and \z2\ < 1 holds. Again we see that the last two cases cannot 
occur. Indeed, on the contrary, we may (without loss of generality) assume that 

\zi\ < 1, \Z2\ > 1. 

Then the expression for zi + Z2 simplifies to the form 
(3.12) ^ + i = _Re(Ae^'/'), 

with \(\ = r < 1 and G M. Now the set of complex numbers described by the right 
hand side of (13.121) forms a subset of real numbers lying in the line segment (—1,1) 
whereas the set of complex numbers described by the left hand side of (13.121) lies 
out side of the ellipse 

(l/4)(r + l/r)2 + (l/4)(r - l/r)2 " ' 

Since the above two sets of complex numbers are disjoint, we arrive at a contradic- 
tion. Hence, we conclude that \zi \ = \z2\ = 1. 
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Finally, as |zi| > 1 and \z2\ > 1, a simple calculation shows that 

Re <^ — ^ = Re '—^ + Re '-^ > 0, ^ G 



G'{z) J \l-z/zi) \1-Z/Z2, 

Applying Lemma 12.11 to ?)e~^^G{z) with p = 3 there exists & Gq E S* such that 
G — S'^c^^Gq. This completes the proof. □ 

Proposition 3.13. Let Zq G ID)\{0}. Then for 6 e (-7r,7r] we have F'^.g ^{zq) G dVi. 
Furthermore if f'{zQ) = F^ig ^{zq) for some / G iSi and 9 G (— vr, n], then f = F^io x- 

Proof. From fl2.5p we easily obtain that 

^„ _ M{5{az,\)z + 13) _ M {{az + \)z + p{l + \az)] 
~ l+^5{az,\)z ~ 1 + (Aa + ]3\) z + ~paz^ 
Thus we have from (13. 5p 

M{l-\\\^){l-\(3\')az^ 



F'l,{z)-A,{z,\)- 
F''{z)+B,{z,X) 



(1 + (Aa + l3X)z + I3az^) (l + (3Xz) 

-M{i-\xm-mz 

(1 + (Aa + (3X)z + (3az^) {(3z + A) 
and hence 

F^;,(^)-ci(^,A) 

= KM- 



Ai{z,X) + 1 


^1' 


|ri(^,A)|2i?i(^,A) 


1 - 


\z\ 


^|ri(z,A)|2 



^ - A(^,A)) - knn(^,A)p (i^:,(^) +5i(.,A))} 



l-|z|2|ri(^,A)|2 

M(l- |An(l- l/^Haz^ ir(a,z) 

{(1 - - (1 - |/?|2) |A|2|^|2 + 2(1 - |znRe(^A^)} K{a,zy 

where 

i^(a, = 1 + (Aa + ^A) z + 'jdaz^ . 
Substituting a = e*^, we find that 

F^:,,(^)-ci(^,A) 







M(l - 


-|AP)(1- 


\l3\^)e''z^ 


K{e^<^,z) 


{(1- 




-(1- 


l/5P)|APkl 


|2 + 2(1- 


\z\'^)Re(pXz)]K{e^c,z) 






M(l 


-|AP)(1- 


\(3\^)e''z^ 


\K{e'',z)\^ 


{(1- 


W\A') 


-(1- 




|2 + 2(1- 


\z\'')Re(pXz)] (/^(e*^2))2 



ri(z, A) 



e'^z^ 1 1 + (Ae'^^ + pX)z + (3e'^z^ \ ^ 
{1 + {Xe^^ + pX) z + pe^Oz^Y' 
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From Lemma 13. 9[ we may rewrite the last expression as 



(3.14) - c,{z, A) = r,(z, A)^i|^, 

where G{z) is defined as in Lemma [3.9[ According to Lemma [3.91 the function Gq 
defined by G = 3~^e*^GQ is starhke. As a consequence, for any ^ {0}, the fine 
segment joining and Gq{zq) entirely lies in Gq(Q). Introduce 70 by 

(3.15) 70 : z{t) = Go ^(tG'o(zo)), < t < L 
From the representation of G, we obtain 

G{z{t)) = 3-V'Go{z{t))' = 3-V%tGo{zo)T = t'G{zo) 

and so, 

(3.16) G'{z{t))z'{t) = 3t^G{zo), t G [0, 1]. 
Using this and fl3.14p we deduce that 

(3.17) F^e,(^o)-Gi(A,7o) = / ,(^(t)) - ci(^(t). A)} ;2'(t) rft 

Jo 

r / . ^ ,N G'(z(t))z'(t) , , 

^^''^ ^ n{z{t)A)\z\t)\dt 



\G{z,)\J, 
G(zo 



\G{z,)\ 



^i(A,7o) 



which means that F'^^g ^{zq) G 9D(Gi(A, 70), -Ri(A, 70)). From Corollary 13.81 we also 

have F^e^^izo) e C l(Gi(A, 70), ^i(A, 7o)) and hence, F',, ,^(zo) e dV^. 

Next, we deal with the uniqueness part. Suppose /'(-^o) = F'^io a(^o) for some 
f E Si and 9 G (— vr, vr]. Define 



where 70 : z{t)^ < t < 1, as in (13.151) . Then h(t) is a continuous function of t on 
[0, 1] and satisfies the inequality \h{t)\ < ri{z(t), A)|/(t)|. Furthermore, from (13.171) . 
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we get 



Re h{t) dt 



\\G{z,)\ 



Re <! {K^e^^{z,) - Ci(A,7o)} 



nizit),W{t)\dt 



which shows that h{t) = ri{z{t), X)\z'{t)\ for all t G [0, 1]. From (IXTD and (IXTUj) 
this implies /" = ^ on 70 . From the identity theorem for analytic functions we 
have /" = F"ig _^ in D and hence by normalization / = F^ie ^ in ©. □ 



4. Preparation for the proof of Theorem 12.121 

Proposition 4.1. For / G 1S2 with A G ©, we have 

(4.2) \f"{z)-C2{z,\)\<r,{z,\), zeB 

where 

02(2, A) = 



2M[(1 




\z 


^)A + (k 




(1- 


z\' 


')(! + 


z 


2 _ 


2Re(A;z)) 



2(1 - |A|^)M|;z 




(1- 


z 


^)(1 + 


z 


2-2Re(A;z)) 



r2(2:, A) 



For each 2 G © \ {0}, equality holds if and only if f = H^ze x for some 9 G 



Proof. Let / G ^2. Then ( ITTOi) holds with c<;/(g i3o) and c<;}(0) = A. It follows from 
the Schwarz lemma that 

■^/(^) _ 

■ < \z\. 



l-X 



From (11. 9p and (11.101) we see that this equality is same as 

r(^)-A2(^,A) 



(4.3) 
where 

(4.4) A^iz.X) 



f"{z) + B,{z,X) 



< \z\\r2{z,X)l 



2MX 



, B2{z,X) 



2M 



= and T2{z, A) 



z-X 



1 — A2; z — X 1 — A2; 

A computation shows that the inequality (14. 3 p is equivalent to 
(4.5) 



^2(^,A) + 1 


z\^ 


\t2{z,X)\'B2{z,X) 


< - 


z\ 


|r2(^,A)||A2 


(^,A)+52(;2,A)| 


1 - 


\z\ 


'\r2iz,X)\' 




1 - 


z 


2 


r2(^,A)P 
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Also it is easy to obtain that 

{l-\z\^){l + \z\^ -2Re{Xz)) 



|l-Az|2 
2M(1 - |A|^) 



2M[(1 - 


z 








1-Xz\^ 



1-\z\'\t2{z,X)\' 
A,iz,\) + B2iz,\) 

(1 — Xz){z — A) 

and 

A2{z,X) + \z\^\t2{z,X)\''B2{z,X) 

Using these, we obtain that 

A,{z,X) + \z\'\t,{z,X)\'B,{z,X) _ . ^, 
l-mr,{z,XW " ' 

and 

\z\\r,{z,X)\\A,{z,X) + B,{z,X)\ _ 

Now the inequahty (14.21) follows from these equalities and (14.51) . Final part of the 
proof, namely, the equality case, follows as in the proof of Proposition 13.11 □ 

The case A = of Proposition 14.11 gives the following information. 
Corollary 4.6. Let f G 52(0). Then we have 



2M\z\'^z 



2M\z\ 



1 - \z\ 

For each 2; G © \ {0}, equality holds if and only if f = H^iO Q for some 6 eM.. 
In particular, if / G 52(0) then we have 

(1 - \z\^) \f"{z)\ < 2M(1 + \zf)\zl zeB 

and hence 

sup(l- |/"(z)| <4M. 

Corollary 4.7. Let 7 : z{t), < t < 1, be a C^-curve in D with z(0) = and 
z{l) = zq. Then we have 

V2 C D(C2(A, 7), i?2(A, ^)) = {w^£:\w- C2(A, 7) I < i?2(A, 7)} , 

where 

C2(A,7)=a+/" C2{z{t),X)z'{t)dt, R^^X,-/) = [ r2{z{t), X)\z\t)\dt. 
Jo Jo 

Proof. The proof is immediate if one uses Proposition 14.11 and follows the method 
of proof of Corollary 13.81 So we omit the details. □ 
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Lemma 4.8. P] For 6* G M and X the function 

G(z) = / = ^ dC, zeB, 

has a double zero at the origin and no zeros elsewhere in D. Furthermore there 
exists a starlike univalent function Go in D such that G = 2~^e^^Gl and Gq{0) = 
G[,(0) -1 = 0. 

Proposition 4.9. Let zq G D\{0}. Then for 9 G (— 7r,7r] we have H'^^g ^{zq) G dV2. 
Furthermore if f\zo) = H'^ig y^{zo) for some f E S2 and 6 G (— tt, tt], then f = H^io x- 

Proof. From fl2.9p we have 

„ 2M6{az,X) 2M{az + X) 

n„ \ \z) 



l-5{az,X)z 1 + (Aa - A)z - az^ 
and using fl4.4l) . we see that 



2M(1 - \X\^)az 



(l-Az)(l + (Aa-A)2-az2) 

2M(1- lAp) 
{z -X){1 + (Xa - X)z - az"^)' 



H'l,{z)-A2{z,X) 

and 

H'l,iz) + B2iz,X) 
Using these, it follows that 
Hl,iz)-C2iz,X) 

2M(1 - |Anaz{l + (Xa - A)z -"oz^} 
(1 - |z|2){l + |z|2 - 2Re (A2)}{1 + (Xa - X)z - az^} ' 

Substituting a = e*^, a computation gives 

2M{1 - |A|2)e^^;z{l + (Ae^^ - A)^ - e^^z^} 



A2{z,X) + 1 


z\ 


'\t2{z,X)\'B2{z,X) 


1 - 


\z 


2 


k2(^,A)|2 



H';o^xi^)-C2{z,X) 



(1- 


\z\ 


m + \ 

2M(1 - 


\z\ 

-I 


\^ - 2Re{Xz)}{l + (Xe^o - X)z - 
\\'^)e''^z\l + (Xe''^ - X)z-e''^z^\ 


- e^^z^} 
2 


(1- 


\z\ 


m + \ 


\z\ 


\^ - 2Re{Xz)}{l + (Xe^o - X)z - 





1 + (Ae*^ - 


A);z-e^V 


2 




\z\ 


{1 + (Ae*« - A)z - e%2}2 



= ^^2(2, A) 

Using Lemma [4. 8[ we may rewrite the last equality as 
(4.10) E% ,i^) - C2{z, X) = r2{z, X)^'^ 



\G'{z)\ 
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where G{z) is defined as in Lemma 14. 8[ Since Gq defined by G = 2~^e^^Gl is a 
normalized starlike function, for any ^ D \ {0}, the line segment joining and 
Go(-^o) entirely lies in Go(ID)). As before, define 70 by 

70 : zit) = Go\tGoizo)), 0<t<l. 

We observe that G{z{t)) = 2-^e'^Go{z{t))^ = 2-^e'%tGo{zo))^ = t^G{zo) and so, we 
get 

(4.11) G\z{t))z\t) = 2tGizo), t e [0, 1]. 

From this, fl4.1UI) and proceeding exactly as in the proof of Proposition 13. 13^ we end 
up with 

(4.12) K.e^,{z,) - C2(A,7o) = ^|^^2(A,7o) 



which gives H'^ig ^{zq) G (9D(C2(A, 70), -R2(A, 70))- From Corollary 14.71 we also have 

K'0,xi^o) e ^2 C l(C2(A,7o),i?2(A,7o)). Hence, H^e^^izo) G dV2. 

Uniqueness part follows similarly. Indeed, suppose /'{zq) = H'^^g \i.zo) fo^^ some 
/ G 1S2 and G (— vr, vr] and introduce. 



h{t) = ^^^^{f"{z{t))-c,{z{t)A)}z\t). 

Then h{t) is continuous function of t G [0,1] and satisfies \h{t)\ < r2{z{t),X)\z' {t)\. 
Furthermore, from (14.121) . we easily see that 

1 .1 
Reh{t)dt = / r2{z{t),\)\z'{t)\dt. 



'0 ^0 

Thus, h{t) = r2{z{t),X)\z'{t)\ for all t G [0,1]. From KTUh and (l4TTil this implies 
that /" = H"ig ^ on 7o. From the identity theorem for analytic functions we deduce 
that /" = H'^io ^ in D and hence by normalization / = H^ie x in D. □ 



5. Proofs of Theorems 12.111 and 12.121 

5.1. Proof of Theorem 12.111 . We prove that the closed curve (— vr, 71] 3 6 
F^,g^^{zo) is simple. Suppose that F^,g^ ,^{zo) = F^,g^^^{zo) for some 6*1, 6*2 G (-7r,7r] 
with $1 7^ 62- Then, from Proposition 13.131 we conclude that F^ie-^ ^ = F^ie2 \- 
From (12.61) and (13. 5p we have 

r x] = (_g+/)e-^z + (gA + A) 

Since F^w^ ^ = F^^sa x, we have the following relation 



Regions of variability 



19 



That is 

+ X\''^z + (^\ + A) (^+ \\''^z + (^\ + A) 



(A + [3X)e^^^z + (/3A2 + 1) (A + I3\)e^^z + (/JA^ + 1) 
By a simphfication, the last expression implies 

which is a contradiction for the choice of 9i and 62- Thus the curve is simple. 

Since Vi is a compact convex subset of C and has nonempty interior, the boundary 
dVi contains the curve (— 7r,7r] 3 6^ F^,g ^{zq). Note that a simple closed curve 
cannot contain any simple closed curve other than itself. Thus dVi is given by 
{-7i,n]3 9^F^,,^^{zo). 

5.2. Proof of Theorem 12.121 . We prove that the closed curve (— vr, tt] 3 6 
H'^ie ^i^o) is simple. Suppose that H'^,g^^^{zo) = H'^,g^^^{zo) for some 611, G (-7r,7r] 
with 61 7^ 62- Then from Proposition 14.91 we have H^w^ ^ = H^ie2 x- From (12.101) and 
(14. 4p this shows a contradiction 



Thus the curve is simple. 

Again, since V2 is a compact convex subset of C and has nonempty interior, the 
boundary dV2 contains the curve (— vr, vr] 3 0^ H'^.g ^{zq). The same reasoning as 
in the proof of Theorem 12.111 shows that dV2 is given by (— vr, n] 3 6 \—>- H'^^g x{zq)- 

6. Geometric view of Theorems 12.111 and 12.121 

Using Mathematica 4.1, we describe the boundary of the sets Vj{zQ, A) for j = 1, 2. 
Here we give the Mathematica program which is used to plot the boundary of the 
sets Vj{zQ,\) for j = 1,2. We refer [in] for Mathematica program. The short 
notations in this program are of the form: "zO for zq" , "a for a" , "lam for A" , "m 
for M" and "b for /?". 



Remove ["Global'*"] ; 

(* The values "zO, a, lam, m, are for FIGURE 1 *) 

zO = 0.00882581 - 0.5141241 
a = -230.939 + 799.5261 
lam = 0.427174 + 0.07551071 
m = 509.317 

b = 0.94485 + 0.04165851 
Ql[b_, m_, lam_, the_] := 

m((Exp[I*the]z + lain)z +b(l + Conjugate [lam] Exp [I*the] z) )/ 
((1 + (Conjugate [lam] *Exp[I*the] +Conjugate [b] *lam) *z)+ 
Conjugate [b] *Exp [I*the] *z*z) ; 
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myfl[a_, b_, m_, lain_, the_, zO_] : = 

a +NIntegrate [Ql [b, m, lam, the], {z, 0, zO}] ; 

imagel = ParametricPlot [{Re [myf 1 [a, b, m, lam, the, zO] ] , 
lm[myfl[a, b, m, lam, the, zO]]}, {the, -Pi, Pi}, 
AspectRatio -> Automatic] ; 



Clear [a, b, m, lam, the, zO, myf 1] ; 

zO = 0.00882581 - 0.5141241 
a = -230.939 + 799.5261 
lam = 0.839567 
m = 0.254877 

Q2[m_, lam_, the_] := 

2*m*(Exp[I*the]*z + lam) /(I + lam* (Exp [I*the] - l)*z 
- Exp[l*the]*z*z) ; 

myf2[a_, m_, lam_, the_, zO_] := 

a + Nlntegrate [Q2 [m, lam, the], {z, 0, zO}] ; 

image2 = ParametricPlot [{Re [myf 2 [a, m, lam, the, zO]], 
lm[myf2[a, m, lam, the, zO]]}, {the, -Pi, Pi}, 
AspectRatio -> Automatic] ; 

image=Show [GraphicsArray [{imagel , image2} , GraphicsSpacing >0 . 5] ] 

Clear[a, m, lam, the, zO, myf 2] ; 



The following pictures give the geometric view of the boundary of the sets Vj{zo, A) 
for each j = 1,2. In each of the following figures the left hand side figure describes 
the boundary of the set Vi{zq,X) for each fixed value of ^ I^i \ {0}, A G D, 
a,/3 e C and M e M with < M < |a| and \P\ < 1. These values are given 
in the first column of each the figure. Similarly the right hand side of each of the 
following figures describes the boundary of the set V2{zo, A) for each fixed value of 
zo e ro\{0}, A e [O, l), a e C\{0} and M e M such that < M < l/log4 and these 
values are given in the second column of each of the figures. Note that according 
to Proposition 12.21 and Proposition 12 . 71 the regions bounded by the curves dVj{zo, A) 
for j = 1,2 are compact and convex. 
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dV,{zo,X) dV2{zo,X) 
Figure 1. Region of variability for f'{zo) 



zo = 0.00882581 - 0.514124i 
a = -230.939 + 799.526^ 
A = 0.427174 + 0.0755107i 
M = 509.317 
/? = 0.94485 + 0.0416585i 



Zo = 0.00882581 - 0.514124i 
a = -230.939 + 799.526i 
A = 0.839567 
M = 0.254877 




387 388 389 390 

dVi{zo,X) 




dV^izoA) 

Figure 2. Region of variability for f'{zo) 



Zo = -0.439619 - 0.843107i 
a = 306.095 + 212.047i 
A = -0.847689 - 0.07592i 
M = 206.329 
p - 0.67079 + 0.843107i 



Zo = -0.439619 - 0.843107i 
a = 306.095 + 212.047i 
A = 0.0802624 
M = 0.673609 
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109.25 109.5 109.75 110 110.25 



dVi{zo,X) dV2{zo,X) 
Figure 3. Region of variability for f'{zo) 



zq = -0.971007 + 0.211382i 
a = 108.958 - 82.5096i 
A = 0.0327389 - 0.0219389i 
M = 132.988 

P = -0.0264629 - 0.114565i 



zo = -0.971007 + 0.211382i 
a = 108.958 - 82.5096i 
A = 0.148939 
M = 0.390188 



440 








435, 








430 








/ 425 








1 420 








\l5 








410^ 










~47D 


180 


490 





dVi{zo,X) dV2{zo,X) 
Figure 4. Region of variability for f'{zo) 



Zq = -0.844358 - 0.529996i 
a = 416.349 + 436.752i 
A = -0.0872118 + 0.664418i 
M = 97.2626 

P = -0.549327 + 0.592394i 



zo = -0.844358 - 0.529996i 
a = 416.349 + 436.752i 
A = 0.7262 
M = 0.620559 
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Figure 5. Region of variability for f'{zo) 



zq = -0.605185 + 0.789592i 
a = -100.796 + 233. 556i 
A = 0.0523661 + 0.167249i 
M = 164.079 

/3 = 0.00810121 - 0.00819085i 



zo = -0.605185 + 0.789592i 
a = -100.796 + 233.556i 
A = 0.63945 
M = 0.354197 
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